Spin-torque effects in antiferromagnetic (AFM) materials are of great interest due to the possible applications as high-speed spintronic devices. In the present paper we analyze the statistical properties of the current-driven AFM nanooscillator that result from the white Gaussian noise of magnetic nature. According to the peculiarities of deterministic dynamics, we derive the Langevin and Fokker-Planck equations in the energy representation of two normal modes. We find the stationary distribution function in the subcritical and overcritical regimes and calculate the current dependence of the average energy, energy fluctuation and their ratio (quality factor). The noncritical mode shows the Boltzmann statistics with the current-dependent effective temperature in the whole range of the current values. The effective temperature of the other, i.e., soft, mode critically depends on the current in the subcritical region. Distribution function of the soft mode follows the Gaussian law above the generation threshold. In the overcritical regime, the total average energy and the quality factor grow with the current value. This raises the AFM nanooscillators to the promising candidates for active spintronic components.
Introduction
Nowadays the spin-polarized current is widely used for manipulation of nano-magnetic structures. Corresponding physical mechanism is based on the spin-transfer-torque (STT) effect predicted by Slonczewski and Berger [1, 2] : a spin-polarized current may transfer an angular momentum to a free ferromagnetic (FM) layer and produce a macroscopic torque on the latter's magnetization. In the small magnetically uniform FM particles, the spin transfer torque induces a steady rotation of magnetization (see, e.g. [3] [4] [5] [6] ). Interesting applications of this effect include: spintronic diodes competing with electronic ones, radio-frequency devices used for telecommunications, timing mechanisms.
Recently it was shown [7] (see also [8] ) that the STT effect should also occur in antiferromagnetic (AFM) materials and, by analogy with FMs, should induce steady rotation of the Néel (or AFM) vector. Current-controlled AFM nanoparticles are the promising candidates for spintronic devices due to high working frequencies that fall into 0.1÷1 THz range (for comparison, typical frequencies of FM nanooscillators are 1÷50 GHz [9, 10] ). The practical applications, however, face the challenge to improve the quality factor of nanooscillators and to reduce and control their linewidth. Thus, to handle and operate STT devices, we need to understand the stochastic processes (such as thermal noise) that set conditions for a linewidth.
In his seminal paper [11] W.F. Brown first has described the thermal noise in FM particles as a stochastic magnetic field acting on the magnetization and has derived the corresponding Fokker-Planck equation which was later generalized by Apalkov and Visscher [12] to the case of Slonczewski STT. Since then, the noise properties of the FM-based nonlinear oscillator in the presence of spin-polarized current were stud-ied both experimentally and theoretically [13] [14] [15] [16] . Some authors [17] [18] [19] [20] used the Brown's approach to describe superparamagnetism and switching processes in AFM nanoparticles. Corresponding models, however, considered the particles as weak ferromagnets and rested on the FM moment that inevitably arises from the surface effects or Dzyaloshinskii-Moriya interactions.
Analysis of noise in AFM systems requires more complicated formalism as compared with FMs due to: (i) a larger number degrees of freedom; (ii) Newtonian-like (vs precession-like in FMs) dynamics of the Néel vector. Moreover, the peculiarities of AFM dynamics related to a strong exchange coupling between the magnetic sublattices, -magnetoelastic effects [21] , spin-wave spectra [22] , STT phenomena [7] , -should be described in terms of the variables inherent to AFM ordering.
In the present paper we investigate the efficiency of the current-driven AFM nanooscillator in the framework of the approach based on the Néel vector dynamics [23] . We assume that the thermal noise in AFM particle arises from fluctuations of the random magnetic field. Following the method of slow and fast variables [24] and energy representation for non-equilibrium steady state [25] we formulate the Fokker-Planck equation for energy distribution and study the linewidth of spin-torque AFM nanooscillator depending on temperature and current.
Magnetic dynamics of antiferromagnetic particle in the presence of spin-polarized current
We study an AFM nanoparticle [see figure 1 (a)] large enough to ensure the AFM ordering and small enough to neglect the space variation of the magnetic properties (macrospin approximation). The ancillary elements, hard FM (polarizer) and thin nonmagnetic layers deliver the spin-polarized current to AFM. We assume that the temperature T is constant and neglect the thermal (Joule) heating of the system.
We consider a collinear AFM with two equivalent magnetic sublattices M 1 and M 2 and disregard a weak FM moment that can arise either from the intrinsic properties of material or from the surface 
where H is an external magnetic field and w an (L) is the energy of magnetic anisotropy that forms a potential well for AFM vector, γ is the gyromagnetic ratio, m L is an effective mass related with the magnetic susceptibility.
The AFM layer has a cubic symmetry and magnetic anisotropy is modeled as follows:
where the orthogonal axes x, y and z coincide with the easy directions for the Néel vector, H an ≪ H E is anisotropy field.
The Rayleigh dissipation function in the presence of spin-polarized current J takes the form [7] :
Here, the first term models the internal damping with the coefficient 2γ AFM equal to AFMR linewidth, the constant σ = ħγε/(2eM 0 v AFM ) is proportional to the efficiency ε of the spin transfer processes, v AFM is the volume of AFM nanoparticle, ħ is the Plank constant, e is the electron charge. Unit vector p curr is parallel to the spin current polarization.
Deterministic current-induced dynamics of AFM was analyzed in detail in reference [7] . Here we reproduce some characteristic features of this behaviour assuming that polarization of the spin current is parallel to an easy axis, p curr z.
First, the critical current J cr ≡ 2γ AFM Ω AFMR /(γσH E ) that separates the equilibrium and stationary regimes depends upon the AFMR frequency Ω AFMR ≡ γ H E H an .
Second, in the subcritical regime, |J | < J cr , the AFM vector has three equilibrium orientations slightly deflected (due to STT) from x, y and z axes that define six (corresponding to L and −L) basins of finite motion in the phase space. Typical phase trajectories in the vicinity of equilibrium points in nondissipative approximation correspond to the clockwise/counterclockwise rotations of AFM vector [circles in figure 1 (b)] and could be associated with the circular polarized normal modes with the frequencies ±Ω AFMR . Spin-polarized current acts as a negative damping for one of the modes ("soft" mode) and as a positive damping for the other. The internal losses, however, suppress the negative damping and the real phase trajectories are the twisted spirals.
Third, in the overcritical regime (|J | > J cr ), the stable non-equilibrium state occurs when the currentinduced energy pumping exactly compensates the internal losses. AFM vector rotates in x y plane (perpendicular to p curr ) with the current-dependent frequency ω = (J /J cr )Ω AFMR [the outer circle in figure 1 (c)]. The rotation direction coincides with that of the soft mode. This regime can be associated with the power generation.
Fourth, the motion of AFM vector shows two well separated time scales: fast rotation around z axis with the frequency ∝ Ω AFMR and slow, with the characteristic time ∝ 1/γ AFM variation of the polar angle from 0 (L z) to π/2 (L ⊥ z). Thus, in the vicinity of equilibrium and stationary steady states, the current-induced dynamics of AFM is characterized with a set of slow and fast variables and this can help to simplify the description of the stochastic behaviour.
Langevin dynamics and Fokker-Planck equations in energy representation
While only two variables in configuration space are enough to describe the dynamics of FM nanoparticle, the phase space of AFM nanoparticle includes at least four variables: generalized coordinates L and corresponding generalized momenta P L (with account of normalization condition |M 1 | = |M 2 | = M 0 far below the Néel temperature). This results in rather complicated Langevin equations [23] :
where F L ≡ −∂w an (L)/∂L is the potential (gradient) force, and the dissipative force F diss is expressed as follows:
The random magnetic field h(t ) in equation (3.1) models the white Gaussian noise with
where 2D represents the intensity of thermal fluctuations.
The above mentioned peculiarities of the current-induced dynamics make it possible to reduce the number of the effective phase variables in Langevin, (3.1), and corresponding Fokker-Planck equations. First, in the vicinity of equilibrium and stationary states, the motion of AFM vector is finite and can be decomposed to a linear combination of two independent (normal) modes shown in figure 2 . Thus, one can use a set of canonically conjugated variables "action-angle", I ± , ϕ ± (± correspond to the clock/counterclockwise rotations in configuration space), instead of coordinates and momenta. Second, in a lowtemperature approximation, when the temperature T is much less than the energy barrier between the different equilibrium/stationary states, all the essential phase trajectories for each mode are degenerated (have the same rotation/oscillation frequency, ω ± ). Thus, instead of action, one can use the energy of the mode, E ± = I ± ω ± , as a canonical variable. Third, two time scales allow one to exclude the angle variables ϕ ± by averaging over the period of rotation. As a result, Langevin equations (3.1) take the form:
where the overline means average over the period of rotation and the summands in r.h.s. of equation (3.4) should be expressed in terms of the average energies 
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An explicit closed form of the equation (3.5) will be obtained in next subsections in the limiting subcritical and overcritical regimes.
Subcritical regime J < J cr
Let us consider the basin of states in the vicinity of equilibrium point L p curr z and choose L x , L y ≪ 2M 0 as generalized coordinates, L z ≈ 2M 0 . Time dependence of the dynamic variables for the normal modes is given by the expressions Substituting expressions (3.6) into (3.2) and (3.4) we arrive at the system of two independent Langevin equations:
where ε ± ≡ E ± /E 0 is a dimensionless energy.
As it is seen from equation (3.7), the clock/counterclockwise modes [figure 2 (a)] interact with the current in different ways. If J > 0, the effective damping of the first mode (with the energy E + ) increases and that of the second (with the energy E − ) decreases, due to the action of spin-polarized current.
Equations (3.7) are typical Langevin equations in energy representation considered in detail in [25] . The first summand in the r.h.s. describes the rate of direct energy exchange which depends upon the current value J . All but first summands in the r.h.s. of (3.7) account for system-environment interaction induced by the field fluctuations. The diffusion functions (coefficients before h j ) depend on energy and thus correspond to multiplicative noise. The last two terms (in square brackets) are multiplied by a small factor γ AFM /Ω AFMR ≪ 1 and thus can be neglected.
In the accepted approximation of noninteracting modes, the distribution function in phase space, f (L, P L ; t ), can be factorized as follows: f (L, P L ; t ) ⇒ f + (E + ; t ) f − (E − ; t ). The Fokker-Planck equations for f ± are deduced in a standard manner from (3.7) in Stratonovich convention and take the form:
From the stationary solution of (3.8) one gets the AFM probability distribution function f (E + ,
where f 0 is a normalization constant and the diffusion coefficient is related with the temperature T through the fluctuation-dissipation theorem as follows:
(3.10)
Overcritical regime J > J cr
In the overcritical regime, the motion can be decomposed (like it was done in the reference [27] for FM) into steady rotation of AFM vector in x y plane with the frequency ω − and small meridian oscillations of L vector with the frequency ω + [see figure 2 (b)].
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The "+"-mode is parametrized as follows:
The corresponding Langevin and Fokker-Planck equations are analogous to (3.7) and (3.8).
Parametrization of "−"-mode coincides with that in equation (3.6) with c − = 1. In this particular case, the proper dynamic variable is action I − = 8πM 
The corresponding Fokker-Planck equation is deduced as follows:
(3.14)
Ultimately, the stationary AFM distribution function in the overcritial regime takes the form:
where we have taken into account the relation (3.10) and assumed that T ≪ E 0 .
Discussion
In the previous section we derived the stochastic equations for the current-controlled AFM nanoparticle in the low temperature approximation, T ≪ E 0 . So, the magnetic anisotropy energy E 0 sets the energy scale of the system and limits the validity of equations ( Neglecting the swap processes between different basins, we found two stationary solutions of FokkerPlanck equations: in the vicinity of equilibrium, (3.9) , and nonequilibrium steady (3.15) states.
For the noncritical ("+") mode, the probability function f (E + ) [see (3.9) and (3.15)] follows the Boltzmann law with the current-dependent effective temperature
In the subcritical regime (J < J cr ), the "soft" ("−") mode shows the Boltzmann-like distribution which changes to the Gauissian-like with the current-dependent average, E (0) figure 1 (d) ] that are important in the vicinity of critical current J ≈ J cr . This problem is, however, out of scope of this paper.
The statistical properties of the "soft" mode in AFM and FM nanoparticles in the presence of spinpolarized current are similar: Boltzmann-like distribution and critical behaviour of the effective temperature in subcritical region, and Gaussian-like distribution in overcritical regime [13] . The current dependencies of average energy and dispersion are, however, different, as will be discussed below. Figure 3 shows the distribution function, f (E ), that depends on the total magnetic energy E = E + +E − of AFM nanoparticle. Dependencies f (E ) for different current values are calculated from (3.9) and (3.15) as conventional probabilities.
In the subcritical regime (J /J cr = 0.1, 0.5, 0.9), the distribution function is asymmetric with maximum at 
diverges in the same way [see figure 4 (a) ]. Thus, the quality factor, Q AFM = E av /∆E diminishes down to 1 as J → J cr − 0. This tendency is quite obvious if one takes into account the noisy source of the energy in a system. The singularity in ∆E emphasizes the role of thermal noise in the transition from equilibrium to nonequilibrium steady state in the vicinity of critical current.
In the overcritical regime (J /J cr = 1.01, 1.1, 1.2), the distribution function f (E ) has a Gaussian-like shape with the maximum close to the average energy E av . Both E av and ∆E grow with current [see figure 4 (b) ]. However, the main contribution into E av arises from the deterministic (low entropy) currentinduced rotation of AFM vector, while ∆E originates from the noise slightly intensified by the current. Thus, the quality factor Q AFM is finite at J = J cr and increases with current almost linearly [inset in figure 4 (b) ]. By contrast, the quality factor for FM nanoparticle, Q FM ∝ 1 − J cr /J , vanishes in the close vicinity of J cr in the supercritical regime. This opens up the way for potential applications of AFM nanoparticles as active elements of spintronic devices and as a possible alternative to FM nanooscillators. The model, however, should be further developed to account for the Joule heating, current fluctuations, etc.
In summary, we considered the current-induced dynamics of AFM nanoparticle in the presence of white Gaussian noise which originates from the random magnetic fields. We found the stationary energy distribution functions in two regimes: subcritical, when the spin-polarized current is too small to reorient AFM vector from the initial equilibrium state, and overcritical, when the spin-polarized current keeps steady rotation of AFM vector. Average energy and energy fluctuations in the subcritical regime show the critical behaviour as J → J cr . This can be used to facilitate the current-induced reorientation of AFM vector. In the overcritical regime, the quality factor of AFM particle as nanooscillator can be increased by adjusting the current value. 
